We examine the thermodynamical properties of a number of asymptotically flat, stationary (but not static) solutions having conical singularities, with both connected and non-connected event horizons, using the thermodynamical description recently proposed in [1] . The examples considered are the double-Kerr solution, the black ring rotating in either S 2 or S 1 and the black Saturn, where the balance condition is not imposed for the latter two solutions. We show that not only the BekensteinHawking area law is recovered from the thermodynamical description but also the thermodynamical angular momentum is the ADM angular momentum. We also analyse the thermodynamical stability and show that, for all these solutions, either the isothermal moment of inertia or the specific heat at constant angular momentum is negative, at any point in parameter space. Therefore, all these solutions are thermodynamically unstable in the grand canonical ensemble.
INTRODUCTION
The existence of conical singularities on a manifold implies geodesic incompleteness and therefore these singularities must be regarded as space-time boundaries from the viewpoint of classical differential geometry. Semi-classically, however, solutions with conical singularities have generically a well defined Euclidean action, and thus well defined thermodynamical properties [2] . This suggests that such solutions may be associated to well defined quantum states in an appropriate theory of quantum gravity, upon a correct quantisation of the physical parameters, including the conical deficit/excess. Indeed there are special examples of manifolds with conical singularities in which a quantum theory of gravity is well defined. This is the case of string theory on certain orbifold [3, 4] ; in these backgrounds string theory is solvable and smooth, due to new degrees of freedom localised at the tip of the cone -the twisted sector.
Even at the classical level, there is usually a clear physical interpretation for the conical singularity. For instance, as providing an otherwise impossible mechanical balance between two black holes. In this class of examples, studying the singularity's properties unveils features about black hole interactions, as shown in [5, 6] in the case of the double Kerr solution [7] in four spacetime dimensions. Thus, despite their incomplete nature, backgrounds with conical singularities have well defined physical properties worth investigating. 2) leading to the first law in the form:
Observe that for the energy functional M the independent variables are the extensive ones. That A, rather than P , is the extensive variable can be seen from an example. Consider the Z 2 invariant Israel-Khan solution with three Schwarzschild black holes. The conical singularity (and hence P ) is the same in the two conical sub-sets, and the total A is twice that of each conical sub-set. It follows that thermodynamical equilibrium requires that T H , Ω are the same in all connected components of the event horizon and that P is the same in all sub-spaces where there exist conical singularities. Of course, if there are no conical singularities, the two 'internal energy' functionals are equal, M ADM = M, and (2.1) and (2.3) coincide. But generically, M plays a more fundamental role. This seems natural; indeed M, unlike M ADM , takes into account the Komar masses of the individual black objects and the energy associated to the conical singularity. Thus, the remaining energy functionals (grand canonical potential, canonical potential and enthalpy) are obtained by the standard Legendre transforms from the energy functional M.
Alternatively, if the Legendre transform starts from the ADM mass, it must also include the variables associated to the conical singularity. For instance, performing the Legendre transform, 4) we obtain the first law in terms of the grand canonical potential W (or Gibbs free energy)
Thus, the entropy S, angular momentum J, pressure P , and energy functional M of the system are given by
In the Euclidean approach to black hole thermodynamics, the grand canonical potential is determined by
where I is the Euclidean action. This action is
I 0 is the contribution to the action from black objects found when neglecting the conical singularity (which arises from the boundary term). Consider the Euclidean action for the metric g over a region Y with a boundary ∂Y to have the form [8] :
where K (K 0 ) is the trace of the second fundamental form of the boundary ∂Y (embedded in flat space) and G d is Newton's constant in d−dimensions. 1 An asymptotically flat Euclidean metric with a single angular momentum parameter may be written in the form, near spatial infinity,
where the parameters µ, j relate to the ADM mass and angular momentum as
1 In the following we take units in which
Known examples with k > 1 are the d > 4 Myers-Perry black hole [9] and the d = 5 Pomeransky-Sen'kov double spinning black ring [10] . The generalisation of our results to higher k is straightforward.
The extrinsic curvature is defined as
, where h µν = g µν − n µ n ν . Taking ∂Y to be the product of the time axis with a sphere of large radius r 0 , the unit normal to the hyper-surface ∂Y is n µ = ∂ µ r/ √ g rr . The traces we need are then
Considering a space free of conical singularities; then the tree level Euclidean action will come entirely from the surface term, which gives
where β = 1/T H is the periodicity of the Euclidean time.
The second term in (2.8) is given by [1]
it is the total energy associated to the strut as seen by a static observer placed at infinity. Here δ is the conical deficit/excess associated to the conical singularity. Thus, the Gibbs free energy is always given by
It is now straightforward to compute the quantities (2.6). These will obey the formula 14) which is a generic consequence of relations (2.2) and (2.4), using also (2.7) and (2.8) . This is the Smarr formula; but note well that this is only the case because, in our description, S, J obtained from (2.6) coincide with A H /4, J ADM , where A H is the sum of the areas of the event horizon connected components. We shall also compute, for the examples we consider, two other quantities, which are of relevance for the analysis of thermodynamical stability. The first one is the isothermal moment of inertia 15) which is compute in the grand canonical ensemble. The second one is the specific heat at constant angular momentum, which is computed in the canonical ensemble. Thus we introduce the canonical potential (or Helmholtz free energy) via the Legendre transform 16) such that the first law takes the form
The specific heat at constant angular momentum is computed as
The reason for working with C J , rather than the specific heat at constant angular velocity
, is the following. In the grand canonical ensemble the condition for thermodynamical stability is the positivity of the Weinhold metric, which amounts to the positivity of ǫ TH ,A and C J , rather than C Ω (see [6] and references therein). For completeness let us note that we can introduce a fourth thermodynamical potential, the enthalpy H, via the Legendre transform
The first law then reads
We close this section by remarking that although the solutions of Einstein's equations with (naked) conical singularities should not be faced as vacuum solutions, this does not affect the generality of the relations derived above. Indeed, as in the simplest case of a cosmic string [11] , the conical singularity is supported by a matter source with a precise form for its energy momentum tensor [12] . As discussed in [1] , however, the inclusion of the contribution of this matter source to the total action does not change the expression (2.8) of the tree level action of the system. The reason is that taking into account the matter contribution, one should also subtract the contribution of a nontrivial background with an equivalent source, which consists in a finite piece of a string/strut (for d = 4) or a deficit/excess membrane (for d = 5) in a flat spacetime geometry. To see this explicitly, consider the total tree level action
where the matter Lagrangian L m has been included and the reference background, wherein the trace of the extrinsic curvature is K δ , includes an equivalent source. The Lagrangian for the matter source that supports the conical singularity is L m = −δ/(8π)δ Σ [1] , where δ Σ is a Dirac delta function with support on the world-volume of the conical singularity. To compute the last term in (2.21) write the reference background as (for concreteness take d = 4)
where δ b a = 1 for z ∈ [a, b] and zero otherwise. Then, considering ∂Y to be the product of the times axis with a cylinder around the z axis, 
which brings us back to the Euclidean action (2.9). This argument reveals, again, the physical significance of the pressure P = −δ/8π and of its conjugate variable A = Area/β; they define the physical properties of the matter source supporting the conical geometry.
In the following sections we shall compute (2.6), using (2.13), as well as (2.15) and (2.18), for various examples.
BLACK RINGS ROTATING IN A SINGLE PLANE
The rotating black ring solution in d = 5 Einstein gravity provides perhaps the simplest application of this formalism. The thermodynamics of the static solution was investigated in [1] where it was argued that, in the absence of rotation, all configurations are thermodynamically unstable. We shall now see that this conclusion still holds when rotation in either S 1 or S 2 is included.
S 1 rotating black ring
It was observed in [13] that one can introduce rotation (along S 1 ) in the static black ring by performing a single soliton transformation; this is achieved by including a negative density rod on the rod structure of the seed metric to facilitate the addition of the angular momentum to the static black ring, when applying the inverse scattering method. The rod structures of the seed metric and of the resulting solution are shown in Fig. 1 . The solution is characterised by four dimensionful parameters: the length of the two finite rods, i.e. a 32 and a 43 (a ij ≡ a i − a j ); the BZ (i.e. Belinsky-Zakharov, from the inverse scattering method) parameter b; and the length a 21 of the phantom rod of the seed metric. However, it is useful to take out the overall scale of the solution and then introduce dimensionless parameters reflecting the length of the finite rods. We choose the overall scale L to be
and then introduce two dimensionless parameters κ i as
Then we shifted the whole rod configuration along the z-axis, i.e. z →z + a 1 , which explains the labelling of the rod endpoints in Fig. 1 (right panel). Due to the addition of the phantom rod, we are left with a singularity at (ρ = 0,z = 0). This shows up as az −1 divergence in the metric component g ψψ as indicated by the dots in Fig. 1 (left panel). The singularity is, however, completely removed by setting
With this choice for b, the metric is completely smooth across (ρ = 0,z = 0), and the final solution is fully characterised by L, κ 1 , and κ 2 . The explicit line element can be found, in Weyl coordinates but in a different parameterisation, e.g. in [14] . The ADM mass, ADM angular momentum, angular velocity of the horizon Ω ψ , Hawking temperature, T H and event horizon area, A H , read:
A straightforward computation shows that the physical quantities computed above satisfy the Smarr relation (2.14), if S = A H /4 and if b is fixed according to (3.1).
Generically the solution contains a conical singularity. We choose it to be placed along the finite space-like rod. Observe that it may either be a conical excess δ < 0, if the ring is underspinning, or a conical deficit δ > 0, if it is over-spinning. The excess/deficit is given by In Fig. 2 , the sign of δ is displayed, together with the mechanical moment of inertia, in parameter space. This mechanical moment of inertia reports the variation of angular velocity, Ω with the angular momentum, J ADM , keeping fixed M ADM and δ, i.e.
.
The sign of I depends on κ 1 and κ 2 , but not on L. Thus, it can be completely exhibited by a plot on the κ 1 − κ 2 plane -Fig 2. As usual, one can distinguish between the fat black ring branch with I > 0 from thin black ring branch with I < 0, regardless of the value of δ.
Requiring regularity on the rod κ 2 <z < 1, fixes the period of φ to be ∆φ = 2π, which corresponds to δ = 0. From (3.3), one can see that this balance is achieved whenever
In particular, for black rings in equilibrium, I = 0 if κ 1 = 2/3, which leads to the familiar reduce spin value:
where the thin and the fat balanced black rings meet. The parameter A, which is one of the relevant thermodynamical quantities, reads
where Area is the area of the surface spanned by the conical singularity, which is located at (ρ = 0, κ 2 <z < 1). The grand canonical potential, from (2.13), is simply
It is not elegant to express in a simple way 3 the parameters L, κ 1 , and κ 2 and thus W in terms of T H , Ω and A. Nevertheless, when this last three quantities are used as thermodynamical 3 For a balanced black ring, the Gibbs free energy has the simple expression [15] 
variables, we precisely recover the Bekenstein-Hawking area law for the entropy:
Moreover, the thermodynamical angular momentum yields the ADM angular momentum and the pressure gives the expected relation (2.12):
Finally, observe that the thermodynamical mass M, computed from M = W + T H S + ΩJ, yields exactly (2.2), upon using (3.1) -(3.8).
The thermodynamical stability of the S 1 spinning black ring is analysed in Fig. 3 , where the signs of the isothermal moment of inertia,
, and specific heat at constant angular momentum,
, are plotted. The plots are in the κ 1 , κ 2 space; indeed, as may be checked in the last two formulae, the L dependence does not change the sign of these quantities. It can be observed that there is no region in parameter space wherein both quantities are positive, and hence no region wherein the solution is thermodynamically stable in the grand canonical ensemble. This situation is analogous to that of the Kerr solution in four dimensions [16] . In Fig. 4 , isotherms for various values of A are plotted in the J-Ω plane; the regions with negative and positive isothermal moment of inertia are clear and in correspondence with those plotted in Fig. 3 .
S 2 rotating black ring
This solution is explicitly given in [17] , where all relevant physical quantities where calculated. The metric is written in (t, x, y, φ, ψ) coordinates, where ψ parameterises an S 1 and (x, φ) an S 2 . This particular black ring is rotating along the azimuthal direction φ of the S 2 . The coordinates x and y vary within the ranges −1 ≤ x ≤ 1, −∞ < y ≤ −1, with asymptotic infinity at x, y = −1.
After requiring regularity at infinity, the physical parameters for the black ring mass, angular momentum, temperature, angular velocity and horizon area are
, determines the location of the horizon. The parameters λ and ν take values 2ν < λ < 1 + ν 2 . In the limit ν → 0, we recover the static black ring.
9) where
The solution contains a conical excess angle δ along x = 1 and y h ≤ y ≤ −1:
One can easily see that it is impossible to required regularity for nonzero λ, which means that a S 2 rotating black rings cannot be in equilibrium [17] . Computing the mechanical moment of inertia
it can be observed that just like for ordinary black holes, I is always positive -increasing J ADM , Ω also increases. The parameter A, related with the area of the surface spanned by the conical singularity, is:
The Gibbs free energy is given by (2.13). From it, we precisely recover, using (2.6), S = A H /4, J = J ADM and P = −δ/8π.
The thermodynamical stability of the S 2 rotating black ring is analysed in Fig. 5 , where the signs of the isothermal moment of inertia, ǫ TH ,A , and specific heat at constant angular momentum, C J , are plotted. For any values of the parameters, when ǫ TH ,A is positive, C J is negative and vice-versa. Therefore, the S 2 rotating black ring is also thermodynamically unstable in the grand-canonical ensemble. 
THE CO-ROTATING DOUBLE-KERR SOLUTION
The approach proposed in this work can be extended to multi-black objects as well. For solutions with a non-connected event horizon, one needs to require that all connected components possess the same temperature and angular velocity, to ensure thermodynamical equilibrium. Interestingly, these conditions do not impose mechanical equilibrium and one can discuss the thermodynamics of multi-black holes with conical singularities.
Perhaps the most obvious example here corresponds to the asymptotically flat d = 4 double Kerr solution, with two black holes having the same Komar mass and angular momentum. We further impose the axis condition [5, 6] , which guarantees that the ADM mass (angular momentum) is the sum of the Komar masses (angular momenta) of the individual black holes. The solution is then characterised by three physical quantities corresponding to the mass M and the angular momentum J of each black hole and the distance between them.
The simplest way to parameterise the solution and the physical quantities is in terms of the two BZ parameters b and c, the length a 21 = a 43 = σ of the rods associated to the black hole horizon and the length a 32 = λ of the rods between the black holes. The rod structure is represented in Fig. 6 . Additionally, it is necessary to consider the following constraint [6] (1 + 2c
which guarantees that the axis condition is obeyed. The line element of the resulting configuration can be constructed from the data presented in [5, 6] . The physical quantities are given by:
2)
where the individual masses and angular momenta are computed as Komar integrals and
It is now easy to check that once again the physical quantities satisfy the Smarr relation (2.14), taking M ADM = M 1 + M 2 , the total angular momentum to be J ADM = J 1 + J 2 and the entropy to be (A
As argued by several authors [7, [18] [19] [20] , the spin-spin repulsion cannot balance the gravitational attraction in a double Kerr system where both Kerr objects are black holes. In this particular co-rotating limit one has the following excess angle along the section in between the black holes:
The parameter A associated to this conical singularity is
Although simple to calculate, the free energy of this co-rotating system, given by (2.13) is already a quite long expression. A careful analysis, where the constraint (4.1) is cautiously considered, shows (numerically) the expected results.
(4.10) Note that this perfect match between the entropy and the sum of horizon areas, also between the different angular momenta, is not possible if instead of (2.5) we consider that the variation of the free energy W is given by dW = −SdT H − J dΩ − F dλ as in [6] .
The thermodynamical stability of the co-rotating double Kerr system is analysed in Fig. 7 , where the signs of the isothermal moment of inertia and specific heat at constant angular momentum are plotted, for a particular window of the parameter space leading to physical solutions, i.e. with positive masses and horizon areas. Since C J is proportional to λ 2 , ǫ TH ,A is proportional to λ 3 and the length λ is always positive, the sign of the previous function just depends on (b, c), which explains the parameters space in Fig. 7 . Again, as for the single Kerr and the single rotating rings above, it can be observed that there is no region in parameter space wherein both quantities are positive, and hence no region wherein the solution is thermodynamically stable in the grand canonical ensemble. The isotherm behaviour, namely the variation of the angular moment with (Ω, A) for fixed T H is in complete agreement with what is described in [6] . In particular the curve J = J(Ω) is just like the one describing a single Kerr back hole, when the two black holes are far away or infinitesimally close.
THE BLACK SATURN SOLUTION
The black Saturn [13] is a d = 5 asymptotically flat solution describing a black ring around a concentric Myers-Perry black hole. Both objects have angular momentum only in a single plane -on the plane of the ring along the S 1 direction. The solution was generated and thoroughly analysed in [13] , requiring regularity (on and outside the even horizons).
We are now interested in the particular limit where the solution is in thermodynamical equilibrium, i.e. when the black ring and the black hole have the same temperature and the same angular velocity, but not necessarily in mechanical equilibrium. The physical quantities of the general solution are explicitly given in [13] in terms of five parameters: L, κ 1 , κ 2 , κ 3 andc 2 , where the last is a dimensionless parameter related to the original BZ parameter, L is the overall scale and the three dimensionless parameters κ i are related with the rod endpoints - Fig. 8 . The physical quantities are explicitly presented in terms of this parameterisation in sec. 3.5 and 3.7 of [13] . In what follows, we denote the black hole (black ring) mass, angular momentum, horizon angular velocity, temperature and horizon area by
Setting Ω BH = Ω BR and solving forc 2 implies leads us to define κ 3 in terms of κ 1 and κ 2 through the relation:
It is important to note that the κ i 's satisfy the ordering 0 ≤ κ 3 ≤ κ 2 < κ 1 ≤ 1, and we can also add that (at least) for all physical solutions in thermodynamical equilibrium,
The original solution has a conical singularity membrane in the plane of the ring, extending from the inner S 1 radius of the black ring to the horizon of the S 3 black hole. Applying the constraints (5.1) and (5.2) that lead to equilibrium thermodynamics, the corresponding deficit angle is
where we can see that it is still possible to reach mechanical equilibrium, taking into account the properties of κ i 's. In Fig. 9 the sign of δ is analysed along the parameter space of black Saturn solutions in thermodynamical equilibrium. The balanced solutions lie along the solid line and have already been study in [21] . This solutions can also be classify as f at or thin in function of the sign of the mechanical moment of inertia, I, just like single black rings.
The sign of I is displayed in right panel of Fig. 9 , just in function of (κ 1 , κ 2 ) because I is proportional to L 4 and so L does not influence its sign. Analysing, along the parameter space, the family of solutions with constant reduced spin
one can observed that, as expected, δ < 0 for under-spinning back Saturn configurations, while for over-spinning ones, δ > 0. Generically, most of the angular momentum is in the ring. In the fat branch, which is associate with lower reduce spin values, the fraction of the total mass that goes into the central black hole increases with κ 2 . For high j BS , the ring also carries most of the total mass. The parameter A is
and the Gibbs free energy of this system is given by taking into account the constraints (5.1) and (5.2).
The appropriate set of thermodynamical variables is (T H , Ω, A), where
, is the temperature of the system that results from
is angular velocity of the black ring and the black hole, i.e. Ω = Ω BR = Ω BH , and A is defined in (5.3) . The entropy is
so, once again, the Bekenstein-Hawking area law is recovered. A similar calculation shows that
From the above results, one may again conclude that the thermodynamical mass M, computed from M = W + T H S + ΩJ, yields exactly (2.2)
Finally, the thermodynamical stability of the black Saturn is analysed in Fig. 11 , where the signs of the isothermal moment of inertia and specific heat at constant angular momentum are plotted. Again, as for the single and double Kerr and the S 1 rotating ring, there is no region in parameter space wherein both quantities are positive, and hence no region wherein the solution is thermodynamically stable in the grand canonical ensemble.
FINAL REMARKS
In this paper, we have further developed the proposal in [1] for the thermodynamical description of asymptotically flat solutions with conical singularities. The main observation in [1] is that this description yields the Bekenstein-Hawking formula for the entropy which is obtained by differentiating the Gibbs free energy. In the Euclidean approach to quantum gravity, the Gibbs free energy is obtained from the Euclidean gravitational action. Observe that in previous approaches, deviations from the Bekenstein-Hawking formula were obtained, in solutions with non-connected event horizons [22] . Here, we have considered various examples of stationary solutions, and showed that the description gives the natural results; thus, the thermodynamical angular momentum, obtained again by differentiating the Gibbs free energy coincides with the ADM angular momentum, again in contrast with previous descriptions [6] . Given these results, which support the idea that we have a reliable thermodynamical description of these solutions, we have also considered their thermodynamical stability. We have found that there is no point in the parameter space for which the appropriate Hessian matrix is positive definite. Thus these solutions are always unstable in the grand canonical ensemble. It is worthwhile remarking that, similarly to the static case in [1] , the location of the conical singularity was a matter of choice. After a suitable re-scaling, all solutions considered in this work have an alternative interpretation as non-asymptotically flat black objects (i.e the conical singularity may be chosen to extend to spatial infinity). The asymptotic spacetime then corresponds to a cosmic string spacetime for d = 4, or to its higher dimensional analogue (a membrane for d = 5). The conical deficit/excess δ ∞ differs from δ of the corresponding solution with the conical singularity having a compact support in the bulk, the relation between these two quantities being
The formalism proposed in Section 2 can easily be generalised to this situation and the thermodynamical behaviour of the system, in particular its instability, should be independent of the choice for the location of the conical singularities. 
